Shadows of charged rotating black holes: Kerr-Newman versus Kerr-Sen by Xavier, Sérgio Vinicius M. C. B. et al.
Shadows of charged rotating black holes: Kerr-Newman versus Kerr-Sen
Se´rgio V. M. C. B. Xavier,1, ∗ Pedro V. P. Cunha,2, † Luı´s C. B. Crispino,1, ‡ and Carlos A. R. Herdeiro3, §
1Programa de Po´s-Graduac¸a˜o em Fı´sica, Universidade Federal do Para´, 66075-110, Bele´m, Para´, Brazil.
2Max Planck for Gravitational Physics - Albert Einstein Institute,
Am Mu¨hlenberg 1, Potsdam 14476, Germany
3Departamento de Matema´tica da Universidade de Aveiro
and Centre for Research and Development in
Mathematics and Applications (CIDMA),
Campus de Santiago, 3810-183 Aveiro, Portugal
(Dated: August 28, 2020)
Celebrating the centennial of its first experimental test, the theory of General Relativity (GR) has successfully
and consistently passed all subsequent tests with flying colours. It is expected, however, that at certain scales
new physics, in particular in the form of quantum corrections, will emerge, changing some of the predictions
of GR, which is a classical theory. In this respect, black holes (BHs) are natural configurations to explore the
quantum effects on strong gravitational fields. BH solutions in the low-energy effective field theory description
of the heterotic string theory, which is one of the leading candidates to describe quantum gravity, have been
the focus of many studies in the last three decades. The recent interest in strong gravitational lensing by BHs,
in the wake of the Event Horizon Telescope observations, suggests comparing the BH lensing in both GR and
heterotic string theory, in order to assess the phenomenological differences between these models. In this work,
we investigate the differences in the shadows of two charged BH solutions with rotation: one arising in the
context of GR, namely the Kerr-Newman solution, and the other within the context of low-energy heterotic
string theory, the Kerr-Sen solution. We show and interpret, in particular, that the stringy BH always has a larger
shadow, for the same physical parameters and observation conditions.
I. INTRODUCTION
Recently, the international Event Horizon Telescope
(EHT) collaboration has unveiled the first shadow image of
a supermassive black hole (BH), located in the center of the
Messier 87 galaxy [1–6]. In general, the BH shadow is
determined by a special set of bound photon orbits, which
are a manifestation of the BH’s strong bending of light rays
around the BH [7]. A class of these orbiting trajectories ex-
ist for the Kerr spacetime, being dubbed spherical photon or-
bits (SPOs) [8]. Although such orbits are unstable outside the
horizon, they are important because they define the capture
threshold of light rays during a scattering process around a
BH. The photons escaping from these spherical orbits towards
an observer determine the edge of the BH shadow as seen by
this observer [9]. Together with the LIGO-Virgo detections
of gravitational waves [10–14] and the examinations of x-ray
binaries [15–17], the EHT observations became a tool to test
strong gravitational fields.
Since 1919 [18, 19] the phenomenon of gravitational lens-
ing has been investigated in General Relativity (GR) theory. In
particular, the shadow of rotating BHs attracted a lot of atten-
tion in the last decades, beginning with the analysis of the Kerr
shadow [20] following Kerr-like metrics without and with op-
tically thin accretion disks [21–23], and some other configu-
rations of rotating BHs [24–40]. One of the motivations of
the several works on this subject is the fact that trajectories of
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light near BHs and other compact objects are related to im-
portant features and properties of the background geometry.
For instance, the quasinormal modes of BHs have been asso-
ciated with the parameters of the unstable photon geodesics
[41–44]. Moreover, the spin, the mass parameter and possible
other global charges or “hair” parameters of the BH can, in
principle, be inferred by the observation of the size and defor-
mation of its shadow [45–48].
Besides the fact that GR has passed numerous experimen-
tal tests, it is expected that at sufficiently small scales GR will
breakdown, in particular when quantum effects are expected
to become relevant. There are several motivations to modify
GR, from the formation of physical singularities inside BHs,
to non-renormalizability of the theory. Among the attempts
to quantize gravity, string theory holds as one of the most
promising candidates [49], with most of the analyzes therein
having focused on the low-energy limit.
One of the most interesting scenarios to explore the quan-
tum nature of strong gravitational fields is a BH environment
[50]. In 1992, in the context of the low-energy limit of het-
erotic string theory, a rotating BH solution has been found
by Sen, which became known as the Kerr-Sen BH (KSBH)
[51]. In addition to the mass M and angular momentum J ,
the KSBH has a third physical parameter: the electric charge
Q. Recently, various aspects of KSBH physics have been dis-
cussed, for instance radial geodesics [52]; the capturing and
scattering of photons [53]; hidden conformal symmetries [54],
the shadow of KSBH for an observer at infinity, both in vac-
uum and in the presence of a plasma [33]. Furthermore, the
cosmic censorship conjecture [55] and Hawking temperature
[56, 57] have also been investigated for the Kerr-Sen space-
time, as well as many other aspects, see e.g., Ref. [58].
In order to understand possible imprints of string theory in
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2an astrophysical environment, even if as a toy model, as elec-
tric charge is expected to be negligible for astrophysical BHs,
we can search for observational signatures present in the im-
age of the shadow of a BH. Therefore, it is instructive to obtain
the shadow of KSBHs and compare the results with those of
the Kerr-Newman BHs (KNBHs), a charged and rotating so-
lution in the Einstein-Maxwell theory. One can quantify this
difference by calculating the radius of the shadows in each
case. This comparison is performed in this paper. We show,
in particular, that the stringy BH always has a larger shadow,
for the same physical parameters and observation conditions
and offer a possible interpretation for this result. Through-
out this paper, unless otherwise stated, we adopt natural units
(c = G = ~ = 1).
II. KERR-NEWMAN BLACK HOLE
The Einstein-Maxwell theory, in eletrovacuum GR, is de-
scribed by the following action:
S =
1
4pi
∫
d4x
√−g
(
R
4
− 1
4
FµνF
µν
)
, (1)
where R is the Ricci scalar curvature, g is the determinant
of the metric with covariant components gµν and Fµν is the
electromagnetic tensor obtained from
Fµν = ∂µAν − ∂νAµ, (2)
with Aµ being the electromagnetic vector potential. The
Kerr-Newman (KN) spacetime is the most general stationary
asymptotically flat BH solution in four dimensional spacetime
in the Einstein-Maxwell theory [59].
Obtained in 1965 by Newman and collaborators, the KN
metric is a charged generalization of the Kerr solution [60].
This solution of the Einstein-Maxwell equations describes a
stationary electrically charged rotating BH and was obtained
after applying a complex transformation to the Reissner-
Nordstro¨m (RN) solution [61].
Written in Boyer–Lindquist coordinates {t, r, θ, φ}, the line
element of the KNBH is given by:
ds2 =−
(
1− 2Mr −Q
2
ρ2KN
)
dt2 +
ρ2KN
∆KN
dr2 + ρ2KNdθ
2−
4Mar sin2 θ − 2aQ2 sin2 θ
ρ2KN
dtdφ+[
(r2 + a2)2 −∆KNa2 sin2 θ
]
sin2 θ
ρ2KN
dφ2, (3)
and the electromagnetic vector potential is
Aµdx
µ = − Qr
ρ2KN
(dt− a sin2 θdφ), (4)
where
∆KN ≡ r2 − 2Mr + a2 +Q2, (5)
ρ2KN ≡ r2 + a2 cos2 θ. (6)
M , a and Q are the mass, the angular momentum per unit
mass and the electrical charge of the BH, respectively. The
event horizon of the KNBH is located at
rKN+ = M +
√
M2 −Q2 − a2. (7)
In the limit of a → 0 the KN metric reduces to the Reissner-
Nordstro¨m solution, whereas the limit Q→ 0 yields the Kerr
metric. For more details of both limits see Ref. [62]. To en-
sure the existence of the event horizon, we shall restrict our
analysis to the case a2 +Q2 6M2. The case a2 +Q2 > M2
contains a naked singularity.
In 1968 Brandon Carter found that in the KN spacetime
there exists a separation constant [63] such that the Hamilton–
Jacobi equation is separable for geodesics and the geodesic
motion is Liouville integrable. The existence of this additional
constant of the motion, which is quadratic in the momentum,
is not expected from the spacetime isometries. It is in one to
one correspondence with the existence of a non-trivial (irre-
ducible) rank 2 Killing tensor in the Kerr geometry. The lat-
ter, in turn, is implied by the existence of a more fundamental
object called a Killing-Yano tensor. If the Killing-Yano ten-
sor is non-degenerate, its existence implies that the spacetime
is of Petrov type D.[64] The equations of motion for a null
geodesic propagating in the KN spacetime are given by:
ρ2KN r˙ = ±
√
RKN , (8)
ρ2KN θ˙ = ±
√
ΘKN , (9)
ρ2KN t˙ =
(
r2 + a2
)2 − aΦKN (r2 + a2)
∆KN
−
sin2 θ
(
a2 − aΦKN
sin2 θ
)
, (10)
ρ2KN φ˙ =
a(r2 + a2)− a2ΦKN
∆KN
− a sin
2 θ − ΦKN
sin2 θ
, (11)
where
RKN ≡
[
(r2 + a2)− aΦKN
]2 −∆KN [(ΦKN − a)2 + ηKN] ,
(12)
ΘKN ≡
[
ηKN + (ΦKN − a)2
]− (a sin2 θ − ΦKN )2
sin2 θ
. (13)
The impact parameters ΦKN ≡ L/E and ηKN ≡ K/E2
are defined using the photon’s azimuthal angular momentum
L, the Carter’s constant K and energy E, which are geodesic
constants of motion.
For the case of SPOs [8], which are bound photon orbits
with a constant Boyer-Lindquist radial coordinate, and which
determine the edge of the BH shadow, these parameters can
be expressed as functions of the radial coordinate of the cor-
responding SPO as follows:
ΦKN =
a2M + a2r − 3Mr2 + 2Q2r + r3
a(M − r) , (14)
ηKN = −
r2
[
4a2
(
Q2 −Mr)+ (r(r − 3M) + 2Q2)2]
a2(M − r)2 .
(15)
3For stationary and axi-symmetric BH spacetimes, one may
unambiguously define the mass MH and angular momentum
JH , as measured at the event horizon, rather than at spacial
infinity. These quantities will play a role in the interpretation
of our results below. Following Ref. [65], we can obtain these
quantities as functions of the asymptotic mass (M ) and angu-
lar momentum (J) for the KNBH. They are given by:
MHKN = M
(
1− Q
2
2MrKN+
)[
1− Q
2
arKN+
arctan
(
a
rKN+
)]
, (16)
JHKN = J
(
1− Q
2
2MrKN+
){
1 +
Q2
2a2
[
1− a
2 + rKN+
arKN+
arctan
(
a
rKN+
)]}
. (17)
III. KERR-SEN BLACK HOLE
In the low-energy limit, the action for heterotic string
theory in the string frame is [51]:
S =
∫
d4x
√−ge−Φ˜
(
R− 1
8
FµνF
µν + gµν∂µΦ˜∂νΦ˜
− 1
12
HkλµH
kλµ
)
,
(18)
where Φ˜ is the dilaton field and Hkλµ is a third-rank tensor
field defined as
Hkµν ≡∂kBµν + ∂νBkµ + ∂µBνk
− 1
4
(AkFµν +AνFkµ +AµFνk) , (19)
with Bµν being a second-rank antisymmetric tensor gauge
field.
After applying a solution generating technique to the Kerr
solution, Sen obtained a charged rotating BH solution to the
equations of motion of the low-energy limit of the heterotic
string theory, which became known as the Kerr-Sen (KS) so-
lution. Written in Boyer-Lindquist coordinates, in the Einstein
frame, the line element of the KS solution is:
ds2 =−
(
1− 2Mr
ρ2KS
)
dt2 + ρ2KS
(
dr2
∆KS
+ dθ2
)
− 4Mra sin
2 θ
ρ2KS
dtdφ+[
r
(
r +
Q2
M
)
+ a2 +
2Mra2 sin2 θ
ρ2KS
]
sin2 θ dφ2,
(20)
and the electromagnetic vector potential is given by
Aµdx
µ = − Qr
ρ2KS
(dt− a sin2 θdφ), (21)
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FIG. 1. Dimensionless angular momentum versus charge to mass ra-
tio in KN and KS spacetimes. The solid lines corresponds to extremal
BHs [53].
where
∆KS ≡ r
(
r +
Q2
M
)
− 2Mr + a2, (22)
ρ2KS ≡ r
(
r +
Q2
M
)
+ a2 cos2 θ. (23)
From Eqs. (4) and (21), we see that the gauge potential has
same form for both KN and KS solutions. However, the func-
tion ρ2 is different in both cases. Nonetheless, the leading
asymptotic term in At is the same. Therefore, an observer at
infinity measures Q as the electric charge, for both KNBHs
and KSBHs.
The event horizon of the KSBH is located at
rKS+ = M −Q2/2M +
√
(M −Q2/2M)2 − a2. (24)
In Fig. 1 we plot the dimensionless angular momentum,
j ≡ a/M versus the charge to mass ratio in KN and KS space-
times. We see, for instance, that BH solutions are allowed for
a wider range of the charge (in units of mass) for the KS case
(when compared to the KN case).
The KS spacetime is of Petrov type I [66], therefore, a pri-
ori, we do not expect to find a Carter-like constant in this ge-
ometry. However, surprisingly, the Hamilton- Jacobi equation
4in KS spacetime is separable for geodesics [67]. As given in
Ref. [68], the null geodesics in the KS spacetime are described
by:
ρ2KS r˙ = ±
√
R, (25)
ρ2KS θ˙ = ±
√
Θ, (26)
ρ2KS t˙ =
E
[
r
(
r + Q
2
M
)
+ a2
]2
− 2MraL
∆KS
− a2E sin2 θ, (27)
ρ2KSφ˙ = −aE + L
sin2 θ
+
a
∆KS
[
r
(
r +
Q2
M
)
+ a2E − aL
]
,
(28)
where
R ≡
[
aL− E
(
r
(
r +
Q2
M
)
+ a2
)]2
−∆KS
[
(L− aE)2 +K] ,
(29)
Θ ≡ K − cos2 θ
[
L2
sin2 θ
− a2E2
]
. (30)
E and L are, respectively, the total energy and the axial com-
ponent of the angular momentum of the particle, as measured
by an observer at infinity; and K is a separation constant
equivalent to the one originally introduced by Carter [63].
Defining the following impact parameters
ΦKS ≡ L/E, (31)
ηKS ≡ K/E2, (32)
and requiring that R(r) = dR(r)/dr = 0, the shadow of the
KSBH can be determined by the following expressions [69]:
ΦKS =[2a
2(M3 + 2M2r) + a2MQ2 − 6M3r2 − 2M2Q2r+
2M2r3 + 3MQ2r2 +Q4r]
[
aM
(
2(M2 −Mr)−Q2)]−1 ,
(33)
ηKS =− [r2(
(
2M2
(
r2 −Q2 − 3Mr)+ 3MQ2r +Q4)2
− 8a2M4 (2Mr +Q2))] [a2M2 (2M(r −M) +Q2)2]−1 .
(34)
These parameters define, as for the KNBH, the SPOs, which
determine the boundary of the BH shadow. However, we shall
not compare the quantities Φ and η in KN and KS spacetimes
using the radial Boyer-Lindquist coordinate r, since it is not
an invariant quantity. For such comparisons, we will use the
perimetral radius, defined as [9]
rper ≡ √gφφ|θ=pi/2, (35)
which has a clear geometric meaning.
We compare the corresponding SPOs for KNBHs and KS-
BHs in Figs. 2 and 3, plotted as functions of the perimetral ra-
dius, for co-rotating and counter-rotating cases, respectively.
In the co-rotating case (Fig. 2), the photons have Φ/M = 2,
whereas in the counter-rotating case (Fig. 3), Φ/M = −5.
In Fig. 4 we plot the parameters that determine the SPOs,
as functions of the perimetral radius, for a/M = 0.6 and
Q/M = 0.79. We observe that the co- and counter-rotating
orbits in the KS spacetime have a larger radius than the cor-
responding ones in the KN spacetime. This already suggests
that the shadow of the KSBH will be larger than that of the
KNBH for the same global charges, M,J,Q.
For the KS spacetime, the mass MH and angular momen-
tum JH as measured at the event horizon are given by [65]:
MHKS = M
[
r2H + brH/2
r2H + brH
− Q
2r2H
a(r2H + brH)
3/2
arctan
(
a√
r2H + brH
)]
, (36)
JHKS = J
[
r2H + 3brH/4
r2H + brH
+
brH
4a2
− Q
2Mr3H
a3(r2H + brH)
3/2
arctan
(
a√
r2H + brH
)]
, (37)
where rH = rKS+ and b ≡ Q2/M .
IV. SHADOWS
The shadow of a BH is an observable that can loosely
be defined as an absorption cross section of light at high fre-
quencies [70]. However, it is observer dependent. In any case,
it is the boundary between the captured photon orbits and the
scattered photon orbits. For an observer at infinity with lati-
tude coordinate θ0, we can introduce the coordinates (x, y) of
the BH shadow edge in the image plane as [71]:
x ≡ − Φ
sin θ0
, (38)
y ≡ ±
√
η + a2 cos2 θ0 − Φ
2
tan2 θ0
. (39)
For an observer at infinity, these coordinates are related with
the observation angles (α, β), that are represented in Fig 5, by
5FIG. 2. Co-rotating SPOs for KNBH (red lines) and KSBH (blue
lines), plotted as functions of the perimetral radius, for Φ/M = 2.
The co-rotating KN SPOs are internal to the KS ones.
FIG. 3. Counter-rotating SPOs for KNBH (red lines) and KSBH
(blue lines), plotted as functions of the perimetral radius, for Φ/M =
−5. As in Fig. 2, the counter-rotating KN SPOs, are internal to the
KS ones.
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FIG. 4. Impact parameters of the SPOs, plotted as functions of the
perimetral radius, for KSBH (solid lines) and KNBH (dashed lines)
spacetimes, with a/M = 0.6 and Q/M = 0.79. One can see, in
particular, that for light rings, that appear at the extremity of the Φ
curves, the perimetral radius is always larger in the KS case.
the following equations:
x = −rperβ, (40)
y = rperα. (41)
They allow us to set up a parametric closed curve in the x− y
plane of the observer, representing the contour profile of the
shadow of a BH.
For an observer with θ0 = pi/2, α is the apparent angular
distance away from the axis of symmetry and β is the apparent
angular distance away from the projected line of the equatorial
plane.
The BH shadow is obtained by plotting y/M versus x/M .
In Figs. 6 and 7 the shadows of KNBHs and KSBHs are repre-
sented for different values of a/M and Q/M . We notice that
the increasing of the rotation parameter a leads to a loss of
symmetry of the BH shadow and enhancing the value of the
electric charge leads to a decreasing in the size of the shad-
ows. Besides that, for the same values of the parameters a and
Q, the shadow of the KSBH is always bigger than the corre-
sponding KNBH one. In both Figs. 6 and 7 the observer is
localized in the equatorial plane.
Celestial sphere
�
�
Local sky 
of the observer
��
FIG. 5. Observation angles α and β for an observer far away from
the BH. The black sphere in the center of the image represents the
BH.
From Figs. 6 and 7 we see that as the BH spin decreases, the
relative difference between KSBH and KNBH shadows ac-
quires higher maximum values. If we set a = 0, the KS solu-
tion turns into the Gibbons-Maeda BH (GMBH) [72] whereas
the KNBH solution turns into RNBH. In order to understand
the charge effect solely, we plot in Figs. 8 and 9 the shadows
of GMBHs and RNBHs. We can see that, in the static limit,
the stringy solution has a larger shadow than the RN solution,
although the difference is small.
V. SHADOW RADIUS
Following Ref. [45], in order to characterize the shadow
of a BH, one can define an observable, Rs, as the radius of the
shadow, given by the radius of an approximate circle passing
by three points: the top position (xt, yt), the bottom position
(xb, yb), and the point corresponding to the unstable retro-
grade circular orbit seen from an observer on the equatorial
plane (xr, 0). As pointed out in Ref. [45], one of the advan-
tages of measuringRs is that we can use it to quantify the spin
of the BH. The radius Rs can be calculated by:
Rs =
(xt − xr)2 + y2t
2|xt − xr| . (42)
This observable can be used as a first step in the development
of more complex models.
In order to quantify the contrast between the radius Rs of
the KSBH and of the KNBH, one can define the relative radius
difference as:
δR ≡ |R
KS
s −RKNs |
RKSs
, (43)
where RKSs and R
KN
s are, respectively, the radius of the
shadow of the KSBH and of the KNBH.
In Fig. 10 we plot the relative radius difference as a func-
tion of the charge Q, for different values of a/M . We see
that for a/M = 0.4, the relative difference between the radius
of both shadows is very small. The highest difference occurs
for the maximum value of the charge for a KNBH, according
to Eq. (7), being around 1.7% from the radius of KNBH. As
the spin increases, we note that the contribution of the charge
decreases, reaching a deviation of, approximately, 1.2% and
0.32%, as it can be seen in the red and blue lines of Fig. 10,
respectively. This difference is so small that there would be
no hope that EHT-like observations could distinguish between
the two models of BHs, even if charged BHs were astrophysi-
cally relevant. In any case, the conclusion is that the radius is
always larger for the stringy BHs, for the same M,J,Q. Fig.
10 also confirms that the largest differences are obtained in
the spinless case and for the largest charge to mass ratio.
A tentative explanation for the smaller KNBH shadows
comes from comparing the dimensionless angular momentum
calculated in the event horizon for the KNBH and the KSBH
cases. It is known that the Kerr shadow decreases as the pa-
rameter j ≡ J/M2 increases. Moreover, it becomes more
D-shaped and hence less circular, when observed from the
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FIG. 6. Shadows of KSBHs (red solid lines) and KNBHs (blue
dashed lines), for different values of a/M and Q/M .
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FIG. 7. As in Fig. 6, we plot other shadows of KSBHs (red solid
lines) and KNBHs (blue dashed lines) for additional choices of a/M
and Q/M .
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FIG. 8. Shadows of GMBHs (red solid lines) and RNBHs (blue
dashed lines), for different values of Q/M . The black solid lines
represent the shadows of the Schwarzschild BHs.
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FIG. 9. As in Fig. 8, we plot other shadows of GMBHs (red
solid lines) and RNBHs (blue dashed lines) for additional choices
of Q/M . Again, the black solid lines denote the shadows of the
Schwarzschild BHs.
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FIG. 10. Relative radius difference, as a function of Q/M , for a = 0 (green solid line), a/M = 0.4 (black dotted line), a/M = 0.6 (red
dashed line) and a/M = 0.8 (blue solid line, in the inset).
equatorial plane. In the vacuum Kerr spacetime, MH and JH
are equal to the asymptotic mass and angular momentum M
and J , respectively. This is not true for the case of KN and
KS spacetimes: M 6= MH and J 6= JH for these electri-
cally charged BHs. Therefore, it is interesting to compare
jH ≡ JH/M2H of KSBHs and KNBHs with the same global
charges (M , J , Q).
In Fig. 11 we exhibit jH for KSBHs and KNBHs, as a
function of J and Q, fixing M = 1. We note that the quan-
tity jHKN is always larger than the corresponding quantity
jHKS . Thus the stringy BHs store a larger fraction of the di-
mensionless spin outside the horizon than the KNBH. Since
the horizon dimensionless spin of KSBHs is smaller than the
one of KNBHs with the same global charges, this justifies
why they have a larger shadow, in the same way that for Kerr
BHs, the shadow size decreases with increasing dimensionless
spin. This interpretation is corroborated, in particular, by (the
bottom panel of) Fig. 6, where one observes that the KNBH
shadow is not only smaller, but notably more D-shaped than
the corresponding KSBH case, as one would expect from a
horizon which carries a higher dimensionless spin.
VI. FINAL REMARKS
We have studied SPOs and shadows of KSBHs and
KNBHs. Some of our main conclusions are:
• From the behavior of the parameters of the SPOs it
follows that the co- and counter-rotating SPOs in the
KNBH have a smaller perimetral radius than in the
KSBH case.
• The presence of the charge has a clear and similar influ-
ence on the apparent size of the shadows in both cases.
• The KSBH always has a larger shadow than the KNBH,
for the same global, asymptotically measured parame-
ters, M,J,Q and observation conditions.
• For the same global, asymptotically measured parame-
ters, M,J,Q, the KSBH has a smaller horizon dimen-
sionless spin than a KNBH. This provides an interpreta-
tion for the relative smallness of the KNBH shadow as
compared to the KSBH shadow. The former, moreover,
has typically a higher deformation away from spheric-
ity, what further confirms this interpretation.
• Computing the relative radius difference between the
shadows of both KNBHs and KSBHs, we obtained that
this difference increases as the charge Q increases, al-
though remaining small, being around a few percent.
A natural extension of our work is to analyze the lensing in
both geometries. Let us conclude by remarking that, as dis-
cussed in the introduction, together with BH imaging, other
observations, namely with gravitational waves, are also prob-
ing the true nature of astrophysical BH candidates. Due to
their electric charge, the BHs in this work are not regarded as
accurate models to describe astrophysical BHs. Nonetheless,
studies of these BHs in relation to this type of phenomenology
can be found in e.g. Refs. [73, 74].
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